We find the distribution function f (E) for dark matter (DM) halos in galaxies and the corresponding equation of state from the observed (empirical) DM halo density profiles. We solve for DM in galaxies the analogous of the Eddington equation originally used for the gas of stars in globular clusters. The observed density profiles are a good realistic starting point and the distribution functions derived from them are realistic. We do not make any assumption about the DM nature, the methods developed here apply to any DM kind, though all results are consistent with Warm DM (WDM). Cored density profiles behaving quadratically for small distances ρ(r) r→0 = ρ(0) − K r 2 produce distribution functions which are finite and positive at the halo center while cusped density profiles always produce divergent distribution functions at the center. Cored density profiles produce thermal Boltzmann distribution functions for r 3 r h where r h is the halo radius. Analytic expressions for the dispersion velocity and the pressure are derived yielding at each halo point an ideal DM gas equation of state with local temperature T (r) ≡ m v 2 (r)/3. T (r) turns to be constant in the same region where the distribution function is thermal. The DM halo can be consistently considered at local thermal equilibrium with: (i) a constant temperature for r 3 r h , (ii) a space dependent temperature T (r) for 3 r h < r R virial , which slowly decreases with r. That is, the DM halo is realistically a self-gravitating thermal gas for r R virial . T (r) outside the halo radius nicely follows the decrease of the circular velocity squared. When observational data on density profiles of smaller (dwarf) galaxies will become available, the analytic framework provided here will allow to find the phase-space distribution function f (E) for such compact galaxies.
I. INTRODUCTION
Dark matter (DM) is the main component of galaxies: the fraction of DM over the total galaxy mass goes from 95% for large diluted galaxies till 99.99% for dwarf compact galaxies. Therefore, DM alone should explain the main structure of galaxies. Baryons should only give corrections to the pure DM results. Astronomical observations show that the DM galaxy density profiles are cored till scales below the kpc [1] [2] [3] .
A central quantity to derive in galaxy structure is the DM chemical potential µ(r), which is the free energy per particle.
For self-gravitating systems as the DM galaxy halo, the DM chemical potential µ(r) is proportional to the gravitational potential φ(r), µ(r) = µ 0 − m φ(r), µ 0 being a constant, and obeys the self-consistent and nonlinear Poisson equation Here G is Newton's gravitational constant, g is the number of internal degrees of freedom of the DM particle, p is the DM particle momentum and f (E) is the DM energy distribution function.
In refs. [6, 7, 15, 16] we proposed and developed the Thomas-Fermi approach to galaxy structure for self-gravitating fermionic warm DM (WDM). Given the distribution function f (E), this approach allows to obtain self-consistently the potential µ(r) from eq.(1.1), as well as the density profiles, velocity dispersion and the equation of state.
In the present paper our aim is to gain knowledge on the central object describing halos: the DM distribution function f (E). For this purpose, instead to compute the density profiles and galaxy relevant structural magnitudes from a given distribution function f (E), we find here the distribution function f (E), and the corresponding equation of state, from the observed (empirical) DM halo density profiles ρ(r). Namely, we determine and solve for DM in galaxies the Eddington equation originally used for the gas of stars in globular clusters. The observed density profiles are good realistic starting points and the distribution functions derived from them are realistic ones.
No assumption is made here about the mass of the DM particle, the formalism developed in this paper applies to any kind of DM. In any case, all our results are consistent with a DM particle mass in the keV scale (WDM).
We do not assume any equation of state but we derive and compute it from the distribution function with the general kinetic theory expression [4, 6, 7] P (r) = 1 3 v 2 (r) ρ(r) ,
where P (r) is the pressure.
The short distance behaviour of the density profile determines through the solution of the Eddington equation the behaviour of the distribution function f (E) for the lowest possible energy E. We explicitly compute f (E) for the lowest possible energy both for cored and cusped density profiles. For cored profiles only the quadratic behaviour for small distances:
where K is a positive constant, provides a physical meaningful distribution function near the center, namely, a positive and bounded distribution function f (E) for the lowest energy E. For cusped profiles the distribution function always diverges near the halo center. The distribution function for spin-1/2 fermions must be everywhere smaller than two because of the Pauli principle. Cored density profiles with the behaviour eq.(1.2) satisfy the Pauli bound while cusped profiles always violate the Pauli principle near the halo center.
We explicitly compute the phase-space distribution function and the equation of state for the family of α-density profiles This cored density profile is a generalization of the pseudo-thermal profile and with α ∼ 1.5, it is perfectly appropriate to fit galaxy observations. For α ∼ 1.5, we find that inside the halo radius r < r h , the ratio
turns to be approximately constant (independent of r). Therefore, the local temperature
is approximately constant T (r) ≃ T 0 inside the halo radius as shown by figs. 6 and 8. Moreover, this implies that the dark matter obeys locally, at each point of the halo, the ideal gas equation of state
Furthermore, the distribution function turns to be Boltzmann-like in the region 0 ≤ r 3 r h with the same temperature T 0 that in the equation of state eq. (1.5) showing the consistency of the thermalization. In summary, on the basis of galaxy observations, mainly of the galaxy density profiles, and without any assumption about the DM particle mass, we find that the DM in the galaxy halos is approximately thermalized for r 3 r h . That is, the DM is a self-gravitating thermal gas in a region extending beyond the halo radius although much smaller than the virial radius R virial .
In the region 3 r h < r R virial , DM is a virialized self-gravitating gas which can be consistently considered at local thermal equilibrium with a space dependent temperature T (r) that slowly decreases with the distance to the center r as shown in fig. 8 .
We introduce the circular temperature T c (r) associated to the circular velocity in the same way that the temperature T (r) is associated to the velocity through eq.(1.4). We find that the local temperature profile T (r) nicely follows the decrease of the circular temperature T c (r) in the region r r h as shown in fig. 8 .
Physically, these phenomena are clearly understood because in the inner halo region r r h , the density is higher than beyond the halo radius. The gravitational interaction in the inner region is strong enough and thermalizes the self-gravitating gas of DM particles while beyond the halo radius the particles are too dilute to thermalize, namely, although they are virialized, they had not enough time to accomplish thermalization. Notice that virialization always starts before than thermalization [18] .
In the process of thermalization there is a transfer flow of potential energy into kinetic energy [18] . Clearly, in the outside region r 3 r h which is only thermalized at the local level, we find that the kinetic energy is lower and therefore the local temperature is lower, than the temperature in the inside the region r < r h where thermalization is already achieved.
This treatment applies to dilute large galaxies which are in a classical physics regime for halo masses M h > 10 6 M ⊙ .
For smaller (dwarf) galaxies there is not yet available information on density profiles from observations. Knowing the density profiles for dwarf galaxies will allow to apply the framework provided in this paper to find the phase-space distribution function f (E) and the velocity dispersion v 2 (r) for dwarf galaxies.
On the other hand, the Thomas-Fermi approach to galaxy structure applies to all types of galaxies and allows to determine theoretically all physical magnitudes for them [6] - [7] . It must be noticed that in the classical regime, for halo masses M h > 10 6 M ⊙ , the galaxy equation of state computed in the Thomas-Fermi approach yields the same results as found here from the empirical α-profiles and the Eddington equation, namely the Boltzmann self-gravitating gas, showing the robustness of these results.
For dwarf galaxies, the equation of state derived in the Thomas-Fermi theory exhibits deviations from the Boltzmann ideal gas equation of state due to macroscopic quantum effects well accounted by the Thomas-Fermi approach [6] - [7] and which reflect the quantum fermion state near degeneration characteristic of dwarf compact galaxies.
The density profile eq.(1.3) for α = 2.5 is not appropriate to describe DM halos but corresponds to the Plummer profile describing the density of stars in globular clusters [10, 11] . We find that the distribution function for the Plummer profile is approximately thermal only for a small range around the center. That is, stars in globular clusters are approximately thermal in a narrower region both in energy and coordinates than the DM in galaxy halos.
We provide here an unified framework in which galaxy structure is obtained from the self-gravitating gas of DM particles in the same way that the globular cluster structure is obtained from a gas of stars. This paper is organized as follows. In Section 2 we solve the Eddington equation for Dark Matter in Galaxies, we express the velocity dispersion and the pressure in terms of the density profile and compute the distribution function behaviour near the center in cored and cusped profiles. In section 3 we explicitly compute the distribution function for the family of α-density profiles eq. (1.3) showing the approximate thermalization inside the halo radius for α ∼ 1.5. In section 4 we compute the DM equation of state and confirm the approximate thermalization inside the halo radius. In section 5 we show that the DM outside the halo radius is in local thermal equilibrium with a local temperature slowly decreasing with r.
II. THE EDDINGTON EQUATION FOR DARK MATTER IN GALAXIES
We consider DM dominated galaxies in their late stages of structure formation when they are relaxing to a stationary situation, at least inside the virial radius. This is a realistic situation since the free-fall (Jeans) time t f f for galaxies is much shorter than the age of galaxies:
The observed central densities of galaxies yield free-fall times in the range from 15 million years for ultra-compact galaxies till 330 million years for large diluted spiral galaxies. These free-fall (or collapse) times are small compared with the age of galaxies running in billions of years.
Hence, we can consider the DM described by a time independent and non-relativistic energy distribution function f (E), where E = p 2 /(2m) − µ is the single-particle energy, m is the mass of the DM particle and µ is the chemical potential [6, 7] related to the gravitational potential φ(r) by
where µ 0 is a constant. It is known from observations that the angular momentum of DM halos is small and therefore DM halos can be considered spherically symmetric. Hence, their phase-space distribution function is only a function of the energy. The methods of this paper could be generalized to anisotropic distributions in which case the distribution function will depend on the angular momentum too [11, 12 ] but we will not consider it in this paper.
The mass density ρ(r) is expressed as a function of the chemical potential µ(r) through the standard integral of the DM phase-space distribution function over the momentum
where g is the number of internal degrees of freedom of the DM particle, with g = 1 for Majorana fermions and g = 2 for Dirac fermions. For definiteness, we will take g = 2 in the sequel. The Poisson equation for the gravitational potential φ(r) takes the self-consistent form
where G is Newton's constant and we used eq.(2.1).
It is useful to introduce dimensionless variables q, ν(q)
where we define the core size r h of the halo by analogy with the Burkert density profile as
T 0 is the characteristic one-particle energy scale. T 0 plays the role of an effective temperature scale and depends on the galaxy mass.
We consider the density profile
where the given function F (q) takes a bounded value at the origin F (0) = 1. That is, we typically consider cored density profiles although our treatment applies for any density profile. Then, in dimensionless variables the Poisson's equation eq.(2.3) takes the form
This equation can be solved in closed form with the solution
In dimensionless variables, for spherically symmetric distributions, eq.(2.2) becomes
ν(q) takes its minimum value at q = ∞. This is so because dν(q)/dq < 0 as follows from eq.(2.8). Therefore, this minimum value ν(∞) is the lower bound of integration in ν ′ . The chemical potential for galaxies is always negative except for the dwarf compact galaxies in the quantum regime [16] . Hence, ν(∞) is always negative except in the limiting case of degenerate WDM fermions [16] .
Eq.(2.9) can thus be written as
Eq.(2.10) expressing the density profile in terms of the distribution function is the Abel integral equation and can be explicitly inverted as [8] ,
with Ψ and dΨ/dν vanishing at infinite distance q = ∞ as boundary condition.
Eq.(2.11) is the Eddington formula, originally derived for a gas of stars forming a globular cluster [9] . However, here, we have eq.(2.11) for a gas of DM particles forming the galaxy halo. Given the density profile F (q), the distribution function Ψ(−ν) follows by quadratures.
It is useful to re-scale the potential ν(q) as 12) with the coefficient b 0 given by eq.(2.7). Then, eq.(2.8) yields
ε(q) is related to the potential energy E(q) of a particle at the point q in the galaxy by
Hence, −ε(q) is the particle potential energy in units of 4 π G ρ 0 r 2 h m taking as reference the potential energy at the origin.
Since the profile F is given explicitly as a function of q, it is convenient in eq.(2.11) to change the integration variable from ν ′ to q ′ using eqs.(2.12)-(2.13) with the result
where
Notice that from eq.(2.13) − dε dq > 0 .
Inserting in the integral of eq.(2.14) a given expression for the density profile F (q) and the dimensionless gravitational potential −ε(q) computed from eq.(2.13) allows to obtain the corresponding distribution function Ψ.
The coefficient in front of D(q) in eq.(2.14) can be evaluated as
A. Velocity dispersion and Equation of state
The average velocity dispersion of the particles depends on r and follows from the average momentum as
From eq.(2.10) the denominator here is proportional to the density profile and we obtain
We compute this integral in the Appendix A with the result
Inserting this expression in eq.(2.18) yields the velocity dispersion in terms of the density profile
As above, it is convenient to change the integration variable from ν ′ to q ′ with the result
where J (q) is given by eq.(2.15). From eq.(2.6) and eq.(2.21) we can immediately compute the pressure in terms of the density profile F (q) as
where Σ 0 is the surface density.
It must be noticed that the surface density Σ 0 is found nearly constant and independent of luminosity in different galactic systems (spirals, dwarf irregular and spheroidals, elliptics) spanning over 14 magnitudes in luminosity and over different Hubble types. More precisely, all galaxies seem to have the same value for Σ 0 , namely Σ 0 ≃ 120 M ⊙ /pc 2 up to 10% − 20% [20] [21] [22] . It is remarkable that at the same time other important structural quantities as r h , ρ 0 , the baryon-fraction and the galaxy mass vary orders of magnitude from one galaxy to another.
Given the profile function F (q), and so the density ρ(r) from eq.(2.6), we determine the pressure P (r) from eq. (2.22) . In this way, we can find the relation between pressure and density associating to each value of ρ(r) the corresponding value P (r). We thus obtain the equation of state as a numerical table.
In subsections IV and IV A below we compute and analyze the halo DM equation of state and plot it in figs. 6 and 7.
The hydro-static equilibrium equation
is satisfied here as in the case of the Thomas-Fermi theory [6, 7, 15, 16] .
B. The distribution function behaviour near the halo center for cored profiles
The lowest energy −ε(q) for a DM particle in the galaxy halo occurs near the center q = 0. We derive in this subsection the behaviour of the distribution function for q → 0 from the behaviour of cored profile functions F (q) near the center using the explicit formula eq.(2.14).
For a cored density profile approaching the center as a power of the coordinate we have in general
where c and β are positive constants.
For a Burkert profile
, and we have c = β = 1. A Einasto or Sersic profile can be parametrized as
and we have for galaxies c = 1 and typically β ∼ 0.4. Density profiles obtained from primordial density fluctuations [5] as well as from the Thomas-Fermi approach [6, 7] are even functions of r and exhibit at small distances the behaviour eq.(2.25) with β = 2.
From eq.(2.13) we find for the particle energy −ε(q) near the center
Inserting eqs.(2.25) and (2.26) in the dimensionless distribution function eq.(2.14) yields
This dimensionless distribution function behaviour can be expressed in terms of the particle energy −ε(q) with the result
We see that for β in the interval 0 < β < 3, the distribution function diverges for the lowest energy ε → 0 except if β = 2. In addition, from eqs.(2.27)-(2.28) we find that D(−ε) for ε → 0 becomes negative (i. e. unphysical) for β in the interval: Analyzing the q → 0 behaviour of the integrand of eq.(2.14) we find that D(0) is finite and positive when β = 2 l, l = 1, 2, 3, . . .. From eq.(2.25) this implies that physically reasonable density profiles behave for q → 0 as
However, a leading q → 0 behaviour q 2 l with l > 1 describe non-generic density profiles where even powers of q smaller than q 2 l are missing.
In summary, only remains the case l = 1 and hence β = 2 in eq.(2.25) describes the generic density profile which provides finite and positive distribution functions near the halo center:
From now on we shall only consider this cored density profile behaviour (β = 2).
We have seen how the analysis of the distribution function near the halo center allows to select physically meaningful density profiles.
The distribution function for spin-1/2 fermions must be everywhere smaller than two in order to satisfy the Pauli principle. Cored density profiles with the behaviour eq.(2.30) satisfy the Pauli bound as we discuss below in sec. III D.
C. The distribution function behaviour near the halo center for cusped profiles
The generic behaviour of a cusped density profile near the center q = 0 is a power-like singularity
where C and λ are positive constants. λ must be smaller than 3 to have finite mass. For the NFW profile we have λ = 1 and for the Jaffe profile we have λ = 2 [11] .
where c 1 is a constant. We see that
Inserting eqs.(2.31) and (2.32) in the dimensionless distribution function eq.(2.14) yields near the center
which in terms of the particle energy −ε(q) becomes
We see that for 0 < λ < 3, the distribution function D(−ε) diverges for the lowest energy: for ε → 0 in the case 0 < λ < 2 and for ε → ∞ in the case 2 < λ < 3.
For λ = 2 we obtain from eqs.(2.14), (2.31) and (2.33)
Therefore, we have in terms of the particle energy −ε(q)
where C 2 is a constant. We see that cusped profiles with 1/q 2 behavior near the center produce a Boltzmann distribution function for large energies ε(q) → +∞. Thermal behavior only appears near the center in the case λ = 2. For λ = 2, eqs.(2.34) clearly show a non-Boltzmann behavior for the lowest possible energies.
Cusped density profiles yield distribution functions that diverge near the halo center. Clearly, such distribution functions cannot describe spin-1/2 fermions since they violate the Pauli principle near the halo center.
III. THE DM DISTRIBUTION FUNCTION IN GALAXIES FROM EMPIRICAL HALO CORED DENSITY PROFILES
We explicitly compute the phase-space distribution function and the equation of state for the family of α-density profiles
This cored density profile is a generalization of the pseudo-thermal profile and it is perfectly appropriate to fit galaxy observations.
As shown in subsection II B, density profiles with the short distance behaviour eq.(2.30) produce meaningful distribution functions at short distances. The α-density profiles eq.(3.1) fulfil eq.(2.30) at small distances. This is not the case of Burkert, Einasto and Sersic profiles which exhibit divergent distribution functions at short distances [see eqs.(2.27)-(2.28) for β = 2]. For all these reasons we will concentrate from now on the family of density profiles given by eq. (3.1) .
An α-density profile eq.(3.1) with α = 1.5913 is an excellent approximation to the Thomas-Fermi density profile in the internal region r 3 r h [16] .
Observations for all r till the virial radius are best fitted for the values
In particular, for q ≫ 1 and α = 1.5, eq.(3.1) reproduces the Burkert density profile. Spiral and elliptic galaxy observations favour the value α = 1.2 [14] . Although observations disfavour α values outside the 1.2 -1.5 range, it is useful and illustrative for the purposes of understanding to analyze the whole range of values 1 < α ≤ 2.5.
The value α = 2.5 is not appropriate to describe realistic DM halos but corresponds to the Plummer profile describing the density of stars in globular clusters [10, 11] .
For the density profile eq.(3.1), the normalized gravitational potential ε(q) eq.(2.13) is given by
where 2 F 1 (a, b; c; z) stands for the hypergeometric function [17] . At fixed q, w α (q) monotonically decreases when α grows.
In the particular cases α = 1,
2 the function w α (q) reduces to elementary functions [13] :
We plot in fig. 1 the dimensionless energy −ε(q) as a function of log 10 q for relevant values of the exponent α in the density profile eq.(3.1). We see that −ε(q) grows monotonically with q. Small energy values −ε(q) 0.1 are confined inside the halo radius r r h , i. e. q 1. −ε(q = 1) vs. α
FIG. 2:
The dimensionless energy at the halo radius r = r h , −ε(1) vs. the exponent α in the density profile eq.(3.1). −ε(q = 1) turns to be near 0.1 in the whole range 1 < α < 2.5. That is, the potential energy of a particle is quite small inside the halo, q < 1.
We plot in fig. 2 the energy at the halo radius r = r h , −ε(q = 1) as a function of α in the interval 1 < α < 2.5. We see that −ε(1) ≃ 0.1 in this range. In particular, −ε(1) = 0.118626 for α = 3 2 . As a consequence, only particles with −ε(q) 0.1 stay inside the halo r < r h . −ε(q) grows slowly when the distance to the origin q grows. For example, −ε(10) = 0.700178 for α = 3 2 as shown in fig. 1 .
A. The Galaxy Halo Mass and Scaling Relations
The dark matter mass inside a radius R follows by integrating the mass density eqs.(2.6) and (3.1)
For r → ∞, M (r) has a bounded limit for α > 
We find in the particular cases α = 2, 
The halo mass M h follows by setting here r = r h (i. e. q = 1):
where w α (q = 1) is given by eq.(3.3). It follows from eq.(3.3) that w α (1) is a decreasing function of α.
In the cases α = 1, 
We derived in this way the scaling relation eq.(3.6). Both the amplitude and exponent in eq.(3.6) are well verified by galaxy observations. It must be stressed that the Thomas-Fermi (TF) theoretical approach to galaxy structure yields a similar formula to eq.(3.6) for the halo mass M h of galaxies in the dilute regime (M h > 10
On the other hand, the empiric Burkert profile yields a similar expression for M h with d Burkert = 1.59796 [19] .
The slight difference between the coefficients d for the different types of profiles can be retraced from the fact that the shapes of the Thomas-Fermi profile, Burkert profile, and the α-profiles eq.(3.1) are different. Consequently, for a given halo mass M h , the halo radius eq. (2.5) for these different profiles are different to each other, and the coefficients d are slightly different too.
It is remarkable, however, that all these coefficients d are close to each other indicating the robustness of the scaling relation
(3.7)
B. The Dark Matter Potential Energy
The dark matter potential energy inside a radius R is given by
Using eq.(2.6) and eq.(3.5) yields
At fixed Q, u(Q) monotonically decreases for increasing α. For R → ∞, U (R) has a bounded limit for α > 1.25. The Q = ∞ limit of u(Q) follows from eqs.(3.3) and (3.8) with the result [17] 
In particular, for α = The distribution function follows by inserting the density profile eq.(3.1) and the potential energy ε(q) eq.(3.2) in the integral representation eq.(2.14) with the result
From eqs.(2.21) and (2.22) we obtain analogous expressions for the velocity dispersion and the pressure
The hydro-static equilibrium equation eq.(2.24) in dimensionless variables takes the form
In the particular cases α = 1, 
For the Plummer profile of globular star clusters (α =
2 ) it follows that a polytropic equation of state is fulfilled exactly
We plot in fig. 3 the natural logarithm of the normalized distribution function D(−ε) eq.(3.11) vs. −ε for the values α = 1.4, 1.509 and 1.6, appropriate for DM halos. Notice the linear behaviour of ln D(−ε) with −ε which thus indicates an approximately Boltzmann distribution function D(−ε). We find that:
• D(q) and thus Ψ(q) are positive for all values of q in the whole range 1 ≤ α ≤ 2.5. This shows that the density profiles eq.(3.1) are physically meaningful. Notice that in general there is no guarantee that Ψ(q) from eq.(2.14) will be nowhere negative [11] .
• ln D(−ε) is approximately a linear function of the energy −ε for α ∼ 1.5 in the range of energies 0 < −ε 0.6 which corresponds to 0 < q 7, that is 0 < r 7 r h as can be seen from fig. 3 . Therefore, the distribution function D(−ε) is approximately a thermal Boltzman distribution function in this interval.
• The distribution function D(−ε) monotonically decreases for growing energy −ε as it should be, as can be seen from fig. 3 . At fixed ε, D(−ε) increases for decreasing α. That is, for decreasing α the density profile is shallower, particles are less gravitationally bounded and particle states with higher energy are populated. • The maximum value of D(−ε) is at ε = 0. For density profiles appropriate for DM halos (α ∼ 1.5) we have D(0) < 6 (see fig. 3 ). For diluted galaxies with M h > 10 6 M ⊙ , r h > 100 pc, we find from eqs.(2.14) and (2.16) that the distribution function Ψ is smaller than unity indicating a classical regime. Besides, the Pauli bound for fermionic DM, Ψ ≤ 2, is fulfilled.
• For comparison we depict in fig. 4 the distribution function for the Plummer (stellar globular cluster) profile (α = 2.5). We see that it is approximately thermal only for a small range of energies 0 ≤ −ε 0.07, namely, for 0 ≤ q 0.78. Therefore, stars in globular clusters are approximately thermal in a narrower region both in energy and coordinates than the DM in galaxy halos. Therefore, dark matter described by a cored density profile as eq.(3.1) is approximately in thermal equilibrium for r 7 r h . It must be recalled that empiric cored density profiles as eq.(3.1) are good approximations to real observational data especially for α ∼ 1.5.
Notice that the density profiles apply within the virial radius R virial whose typical values are 10 r h R virial 100 r h and that the distribution function becomes very small for q 10, (r 10 r h ).
In the regions where the distribution function D(−ε) is approximately Boltzmann-like we can write it as
where a 0 is a normalization constant and b 0 eq.(2.7) is related to the temperature T 0 as
where which corresponds to
More precisely,
For m in the keV scale (warm dark matter), T 0 runs from the mili-Kelvin for dwarf galaxies till tens of Kelvin for the largest galaxies [16] .
We plot in fig. 5 the natural logarithm of the distribution function D(−ε) eq.(3.11) outside the halo radius r > 3 r h for α = 1.4, 1.509 and 1.6 vs. the energy −ε. We see that the slope of D(−ε) vs. −ε increases for increasing −ε. From eqs. (3.17) and (3.18) , an increasing slope implies an increasing b 0 and therefore the dimensionless temperature t 0 = 4 π/b 0 is not constant outside r = 3 r h as it is inside r = r h . This suggests that t 0 = 4 π/b 0 , and therefore T 0 , can be considered a local temperature that slowly decreases with r for r > 3 r h .
As shown in sec. V below, this local character of the temperature is supported by the computation of the velocity dispersion. .
This lower bound corresponds to the degenerate limit of quantum fermions [16] showing the consistency of the distribution function obtained from the Eddington equation with the quantum treatment of the DM in ref. [5, 7, 15, 16] .
IV. THE HALO DARK MATTER EQUATION OF STATE
We compute now the DM equation of state from the pressure eq.(3.12)-(3.13) and the density profile eq.(3.1). We obtain from eqs.(2.22) and (3.12)
We plot in fig. 6 the normalized ratio P (r)/ρ(r):
versus the distance q for several values of α.
We see that for α ∼ 1.5 inside the halo radius r < r h (q < 1) the normalized ratio P (r)/ρ(r) and thus the velocity dispersion v 2 (r)/3 turn to be approximately constant (independent of r). This implies that the dark matter obeys locally, at each point, an ideal gas equation of state
The local temperature T (r) is related to the dispersion velocity by the usual relation
3)
The temperature T (r) is approximately constant ≃ T 0 inside the halo radius for α ∼ 1.5 as shown by figs. 6 and 8. More precisely, for α = 1.509, T (q) is the closest to a constant inside the halo 0 < q < 1:
Namely, for α = 1.509 dark matter in the galaxy halo is closest to thermal equilibrium for the density profile eq.(3.1).
We see that inside the halo, the value of the dimensionless temperature t(q) eq. We see from eq.(3.22) that the galaxy temperature T 0 grows linearly with the halo radius. T 0 can be expressed in terms of the halo mass using eq.(3.7) with the coefficient d α corresponding to the case closest to thermal equilibrium, α = 1.509, d 1.509 = 2.18188, with the result:
mK . 
vs. q for several values of the exponent α, 1 < α ≤ 2.5 in the density profile eq.(3.1). The best fitting values for DM halos are in the range 1.2 < α < 1.5. We see that the temperature is approximately constant inside the halo radius q < 1 for α ∼ 1.5.
Hence, the galaxy temperature T 0 grows as the square root of the halo mass.
For q 1, the local temperature decreases. In fig. 8 we plot t(q) vs. log 10 q for α = 1.509. We see from fig. 8 that the local temperature t(q) decreases slowly with q. For instance, t(q = 10) ≃ 1 2 t(q < 1) and t(q = 100) ≃ 0.095 t(q < 1). In other words, the DM is not in global thermal equilibrium for q > 1 but there is a local thermal equilibrium with a local normalized temperature t(q) that decreases slowly when one gets farther from the center.
A local temperature for q 1 follows by fitting the distribution function D(q) to a Boltzmann-like form for q 1 as in eq.(3.17): a local decreasing temperature t 0 with a similar behaviour to eq.(4.2) is obtained, showing that the concept of a local q-dependent temperature, slowly varying with the coordinates is perfectly consistent in the region r r h of the DM galaxy halo.
A. Polytropic behaviour of the equation of state
We plot in fig. 7 the ordinary logarithm of the normalized pressure
, as a function of the ordinary logarithm of the normalized density
where we used eqs.(2.6) and (3.12). We see from fig. 7 that the pressure behaves in good approximation as a power of the density: where A, a and γ are constants. We display in Table I the values of γ and a for the DM halo profile α = 1.509 and for the Plummer (stellar globular cluster) profile α = 2.5. γ and a are obtained by a least-square fit to the numerical values of Π(q) and F (q) for α = 1.509 in the relevant region 0 < r < R virial and from eq. In the Plummer case of stellar globular clusters (α = 2.5) the polytropic index γ = 1.2 is an exact result valid for all density values eq.(3.16) .
V. GALAXY HALOS TURN TO BE IN APPROXIMATE LOCAL THERMAL EQUILIBRIUM
Once the galaxy is formed, it is in a virialized stationary state of size R virial : 0 ≤ r ≤ R virial . The virialized region is in an approximate local thermal equilibrium situation, namely at each point r, the equation of state is that of an ideal self-gravitating gas with a local velocity dispersion v 2 (r) = 3 T (r)/m which slowly varies with r. The local temperature T (r) slowly varies with r too.
Inside the halo radius r r h , v 2 (r) and T (r) are approximately constant as shown in fig. 6 . This region is in approximate thermal equilibrium.
It is instructive to look to the analytic expression of t(q) for α = t(q) vs. log 10 q for α = 1.509 tc(q) vs. log 10 q for α = 1.509
FIG. 8:
The normalized temperature t(q) and the circular temperature tc(q) vs. log 10 q for α = 1.509. It clearly displays approximate thermal equilibrium inside the halo radius q < 1. For q 1 it shows local thermal equilibrium with a normalized temperature t(q) that decreases slowly with q following the decreasing circular temperature tc(q).
Moreover, it must be noticed that the local temperature T (r) obtained from the local velocity dispersion eq. Physically, these phenomena are clearly understood because in the inner halo region r r h , the density is higher than in the region beyond the halo radius. The gravitational interaction in the inner region is strong enough and thermalizes the self-gravitating gas of DM particles while beyond the halo radius the particles are too dilute to reach thermalization, namely, although they are virialized, they had not time to thermalize. Notice that virialization always starts before than thermalization [18] .
In the process of thermalization there is a transfer flow of potential energy into kinetic energy [18] . Clearly, in the region r 3 r h which is only thermalized at local level we find that the kinetic energy is lower, and therefore the local temperature is lower than the temperature in the internal region r < r h where thermalization is already achieved.
For smaller (dwarf) galaxies there is not yet available information on density profiles from observations in order to determine F (q). Knowing F (q) for dwarf galaxies will allow to apply the methods developed here to find the phase-space distribution function f (E) and the velocity dispersion v 2 (r) for dwarf galaxies.
Notice that the Thomas-Fermi approach to galaxy structure applies to all types of galaxies and allows to determine theoretically all physical magnitudes for them [6] - [7] . In the classical regime, for halo masses M h > 10 6 M ⊙ , the galaxy equation of state computed in the Thomas-Fermi approach yields the same results as found here from the empirical α-profiles and the Eddington equation, namely the Boltzmann self-gravitating ideal gas equation of state, which shows the robustness of these results.
This paper provides an unified framework in which galaxy structure is obtained from the DM gas of particles in analogous way as globular clusters structure is obtained from a gas of stars.
